Lattice Boltzmann method combined with large eddy simulation is developed in the article to simulate fluid flow at high Reynolds numbers. A subgrid model is used as a large eddy simulation model in the numerical simulation for high Reynolds flow. The idea of subgrid model is based on an assumption to include the physical effects that the unresolved motion has on the resolved fluid motion. It takes a simple form of eddy viscosity models for the Reynolds stress. Lift and drag evaluation in the lattice Boltzmann equation takes momentum-exchange method for curved body surface. First of all, the present numerical method is validated at low Reynolds numbers. Second, the developed lattice Boltzmann method/large eddy simulation method is performed to solve flow problems at high Reynolds numbers. Some detailed quantitative comparisons are implemented to show the effectiveness of the present method. It is demonstrated that lattice Boltzmann method combined with large eddy simulation model can efficiently simulate high Reynolds numbers' flows.
Introduction
Recently, the lattice Boltzmann method (LBM) has emerged as a well-known alternative of computational technique in fluid dynamics for modeling fluid flow in a way that is consistent with the Navier-Stokes equation, 1,2 due to its intrinsic advantages over conventional Navier-Stokes schemes. The LBM is an innovative numerical method based on kinetic theory to simulate various hydrodynamic systems; it is a reasonable candidate for simulation of turbulence, flow-induced noise, and sound propagation.
The development of the lattice Boltzmann equation (LBE) was independent of the continuous Boltzmann equation. It was introduced to solve some of the difficulties of the lattice gas automata (LGA). A parameter matching procedure based on the Chapman-Enskog analysis of the LGA needs to construct a set of relaxation equations so that the correct hydrodynamic equations are derived.
Compared to the second-order Navier-Stokes equations, the LBM is derived from a set of first-order partial differential equations the LBM formulation does not include nonlinear convection term while Navier-Stokes solvers have to treat such nonlinear one. Moreover, it is necessary for the incompressible Navier-Stokes equations to solve the Poisson's equation, and then the pressure can be obtained. However, the pressure in the LBM is determined directly from the state equation; the computing cost can be decreased. Furthermore, it has been shown that complex boundary geometries are treated easily in LBM. As a result, LBM has widely emerged as a computational tool for practical engineering applications in the simulations of fluid flows 3, 4 and aerospace industries. 5 It is well known that the LBM is often used as a direct numerical simulation tool without any assumptions for the relationship between the turbulence stress tensor and the mean strain tensor. Thus, the smallest captured scale in the LBM is the lattice unit, and the largest scale depends on the characteristic length scale in the simulation. These scales are often determined by the available computer memory. Consequently, the LBM is able to resolve relatively low Reynolds number flows. Numerical studies 6 have shown that LBM can result in the numerical instability for simulating high Reynolds number flows if unresolved small-scale effects on large-scale dynamics are not considered. A better option is to combine the LBM and large eddy simulation (LES) model in order to solve the problem at high Reynolds numbers. A subgrid model is often used as an LES model in the numerical simulation for traditional Navier-Stokes equation. The idea of subgrid model 7 is based on an assumption to include the physical effects that the unresolved motion has on the resolved fluid motion. The model often takes a simple form of eddy viscosity models for the Reynolds stress.
Smagorinsky model 7 is one of all subgrid models, including the standard Smagorinsky model and dynamic subgrid model. The standard Smagorinsky model uses a positive eddy viscosity to represent smallscale energy damping. Nevertheless, the shortcoming of the standard one is that the eddy viscosity could be large and positive at some scales smaller than test grids, while it can be large and negative at others sometimes. 7 Compared with the standard one, dynamic subgrid models 8 could include the dependence of the subgrid model coefficients on local quantities to overcome these side effects.
LBM
The governing equation of LBM for describing fluid flows is Boltzmann equation modeled by adopting the Bhatnagar, Gross, and Krook 9 (BGK) collision model. In contrast to the traditional schemes of solving the discretized Navier-Stokes equations, LBM approach focuses on the microscopic scales via the discrete Boltzmann equation and tracks particle distributions on a lattice. The standard LBE involving BGK model can be written into the following form
where f a is the density distribution function along the a-direction at position (x, y), f eq a is the local equilibrium distribution function, dt is the time-step; e a (e ax , e ay ) is the discrete velocity of particles at time t, M is the number of the direction for the particle velocity, and t is the relaxation time, and its definition is related to the kinematics viscosity and temperature by the following formulation
The macroscopic quantities, density and momentum density, can be obtained directly from the distribution function f a , and their definitions are in the following form
The pressure p can be obtained by the state equation of an ideal gas. Under some suppositions, the full compressible viscous Navier-Stokes equations can be derived from LBEs using a multi-scale analysis.
In the simulation, the particle velocity model D2Q9 10 is used in the present code. The discrete velocity set e a , equilibrium distribution function f eq a , and weighting factors w a are given by
For the treatment of boundary condition, Zou and He's 11 non-equilibrium bounce-back scheme is applied on the far-field boundary in the computational domain due to its second-order accuracy. The boundary condition for the particle distribution functions on the curved wall is handled with second-order accuracy based on Mei et al.'s 12 work. Lift and drag evaluation in the LBE takes momentum-exchange method for curved boundary. Mei has shown that it is reliable, accurate, and easy to implement for both twodimensional and three-dimensional flows.
Subgrid model for LES
In the LES, the most common subgrid model is the Smagorinsky one, where the anisotropic part of the Reynolds stress term is modeled as
in which
is the magnitude of the largescale strain rate tensor
C is the Smagorinsky constant, and D is the filter width. Next, LBM is modified to simulate the filtered physical variables in the LBE. First, the filtered particle distribution f a is denoted as follows
Then the LBE can be written into a kinetic equation for the filtered particle distribution function
The above equation for f a has the similar form as LBE, with the only difference in the relaxation time t * . Here, the turbulence relaxation time t t is introduced into the present relaxation time to consider the effects of small-scale fluid motion. Therefore, the efficient relaxation time can be written into the following
Then the total viscosity can be denoted as follows
where n = (2t À 1)=6 is the laminar viscosity, and n t = t t =3 is the turbulence viscosity. According to the present Smagorinsky subgrid model, n t should be CD 2 S .
Numerical results

Circular cylinder in low Reynolds numbers' flow
To validate the program developed in the article, low Reynolds numbers' flow around a circular cylinder is first simulated here. As depicted in Figure 1 symmetry. Vorticity contours for the different Re can be found in Figure 4 ; symmetry vortex pairs attached on the cylinder are also obviously seen in the figure. Drag evaluation in the LBE takes momentum-exchange method for curved boundary. Figure 5 shows the time history of drag for these two cases. Comparisons between the present result and the referred one are given in Table 1 ; it is further demonstrated from the table that the program developed in the article could be able to simulate low Reynolds flow field, which provides a possibility to model high Reynolds number flow problems using the presented method. Here, the data in Table 1 are extracted at non-dimensional time 20. Next, high Reynolds flows will be tested according to the coupled LBM and LES.
Lid-driven cavity flow at high Reynolds numbers
Lid-driven cavity flow is considered here to validate the simulation for high Reynolds flow using the present developed LBM/LES model. It is a classic problem for studying the complex flow in a simple geometry. As shown in Figure 6 , flow is driven by the uniform velocity U on the top boundary of square cavity; vortex will be formed inside the cavity depending on the different Reynolds number Re. A uniform grid is used in the present simulation in Figure 6 . Figure 7 reveals the stream line and vortex contours at Reynolds number 7500 and U = 0.1. From this figure, the complex vortex structures are found, main vortex lies in the center of the cavity, small vortex also exists in the corner of the cavity around the main vortex, and a second vortex is also clearly seen in the lower right of the cavity. Detailed quantitative comparisons of the vortex position can be found in Table 2 high Reynolds number flow around the complex bodies.
NACA0012 airfoil at high Reynolds numbers
NACA0012 airfoil at high Reynolds flow is simulated at Re = 5 3 10 5 and Re = 6:6 3 10 5 using the present method, where Re = UC=n, C is the chord of NACA0012 airfoil. U is set to be 0.2 in the numerical simulations. The calculations at two different Reynolds numbers are performed to compare with the experimental result in order to show the ability to simulate high Reynolds numbers' flow. The angle of attack (AOA) in the first calculation is 7°, and a range of AOA from 0°to 14°is applied in the second one. The computational domain and mesh are depicted in Figure 8 , where the different boundary conditions are imposed at the inlet, outlet, top boundary, bottom boundary, and wall. Fixed velocity and pressure are imposed at the inlet and outlet boundaries, respectively. Non-reflective boundary condition is applied at the top and bottom boundaries. In this study, density distribution function at all the far-field boundaries is estimated using the non-equilibrium bounce-back scheme from Zou and He, 11 No-slip boundary is implemented on the body wall, where Guo et al.'s 16 non-equilibrium extrapolation scheme is used to calculate the density distribution function. Lift and drag evaluation in the LBM also takes momentum-exchange method for curved airfoil boundary. Table 3 shows the comparison of lift and drag coefficients between the present and the referred results for Re = 5 3 10 5 and AOA = 7°. From the table, it is clearly seen that the calculated result from LBM/LES could obtain good agreements with others for C l and C d from Imamura et al. 17 Detailed quantitative comparisons are performed to compare with the experimental results at Re = 6:6 3 10 5 , where a range of AOA from 0°to 14°i s applied in the simulation. The relationship between C l , C d , and AOA is shown in the figure using the presented method. As depicted in Figures 9 and 10 , the present result could provide reasonable agreement with the experimental and other referred one from Imamura et al.'s 17 GILBM before fluid separation happens on the upper surface of the airfoil. However, it is also obviously seen that there exists some differences with the experimental result after separation in Figures 9  and 10 . The similar phenomena are also found in the other numerical methods. 17 The predicted stall angle is 11°here using the present method, which approaches the experimental one.
Conclusion
Compared with the other methods, the present method combining the LBM and LES model could solve the problem at high Reynolds numbers' flows. As one of all subgrid models, Smagorinsky model can provide a positive eddy viscosity to represent small-scale energy damping. For the treatment of boundary condition, non-equilibrium bounce-back scheme has been applied on the far-field boundary in the computational domain. The boundary condition for the particle distribution functions on the curved wall is handled using secondorder accuracy scheme. Lift and drag evaluation in the LBE takes momentum-exchange method for curved boundary. The developed program is first to simulate low Reynolds number circular cylinder flow field; it proves that it could provide a possibility to model high Reynolds problems using the present method. Next, lid-driven cavity flow and NACA0012 airfoil flow are calculated to show the ability of combining LBM with LES for simulating high Reynolds number flow. Some comparisons demonstrate that the present calculated results could obtain good agreement with the experimental ones.
Declaration of conflicting interests
The authors declare that there is no conflict of interests. 
